1. Introduction. In this paper we investigate the connection between strong ellipticity and the regularity of weak solutions to the equations of nonlinear elastostatics and other nonlinear systems arising from the calculus of variations. The main mathematical tool is a new characterization of continuously differentiable strictly convex functions. We first describe this characterization, and then explain how it can be applied to the calculus of variations and to elastostatics.
We turn now to the applications of Theorelll1. Let :;J-=-O~i-=-l~,m~;
The equilibrium equations of nonlinear elasticity for a homogeneous body under zero body forces have the form (1'2) with m = n = 3, and in this case W is the stored-energy function of the material. W is said to be strongly elliptic, and (1'2) to be a strongly elliptic system, if -P---2)
B2W(F) "\P;
BFi BF; /l /l fta-ftp > 0 a-p for all F and all nonzero vectors A E IRm, ft E IRn.If equality is allowed then (1.3) is'known as the Legendre-Hadamard condition. The existence of minimizers for I(u) for various boundary problems of nonlinear elasticity under hypotheses implying the LegendreHadamard condition has been established in (2, 3) , and corresponding results for arbitrary m, n given in (4) . However, even if W is smooth it is not known under what conditions weak solutions of (1'2) are 01 functions. Examples of discontinuous equilibrium solutions in nonlinear elasticity with W strongly elliptic will be given in (6) .
In these examples the discontinuity takes the form of a hole appearing at the centre of a solid body under tension. (Other examples of discontinuous weak solutions to strongly elliptic systems with similar singularities have been given by Giusti & Miranda (9) and Necas(16) , but they do not apply to nonlinear elasticity.) Although strong ellipticity does not prevent the type of singularities mentioned above, under a mild positivity condition on W it is essentially necessary and sufficient for there to be no continuous weak solutions u of (1 ' 2) in which the only singularity is a jump in Vu across a smooth (n-1)-dimensional surface (taken for simplicity in this paper to be a hyperplane). This result (Theorem 3 below) is stated precisely and proved in Section 3, essential use of Theorem 1 being made in the proof. Actually, in the statement of Theorem 3, (1'3) is replaced by the condition that W be strictly rank 1 convex. Strict rank 1 convexity bears exactly the same relationship to strong ellipticity as does strict convexity of a functionf(t) of a single variable to the condition!" > O.A fortiori, Theorem 3 implies that strict rank 1 convexity of W is a necessary condition for all weak solutions of (1.2) to be 01. Despite this, in non-linear elasticity one should not discard stored-energy functions that are not strictly rank 1 convex, since such functions may correspond to materials that can undergo phase transitions (Ericksen (7, 8) ). For more information on non-elliptic problems in elasticity see .
In Section 4 we use Theorem 1 in a different way to deduce information concerning the nonuniqueness and bifurcation of homogeneous equilibrium states of an elastic cube subjected to given uniform normal surface tractions. 
(VrjJ(x)-VrjJ(y),x-y)
> 0 whenever X,YEU,X=1= y.
To prove the sufficiency of conditions (i) and (ii), we will need some auxiliary results. 
<jJ(tx+(1-t)y)-<jJ(TX+ (1-T)Y)~('V<jJ(TX+ (1-T)Y), (t-T) (x-y)
for all t E [0,1], and so <jJ is not strictly convex at TX+ (1-T)y. 1 From now on we suppose that 'V<jJ is locally 1-1.
LEMMA3
. Let XE U. The following conditions are equivalent: 
is attained at some interior point ZE E with Z =Fx. Differentiating, we obtain
Since 'V<jJ is 1-1 in E, z = x. This is a contradiction. I Define S = {XE U: <jJ strictly convex at x}.
LEMMA4. S is open.
Proof. Let XES, and suppose there exists a sequence {xJ c U\S such that Xj-+x. 
(2'2) Let A denote the region of attraction of c, that is

A = {YEV: if x(t) is any solution of (2'2) satisfying x(O) = y, then X(t)E V for all t~0 and x(t)-+c as t-+oo.}
Then A is open, and if WoE oA n V there exists a solution w(t) of (2'2) with w(O) = wo' and such that for some tmaxE (0, 00), , enough,u, and since 1jf is nonincreasing for solutions of (2'2) it followsthat
for all t~T and that TI' = 00, provided ,u is large enough. 
Let woEoAn V. We construct the required solution w(t) on a small interval [O,T].
The number T > 0 is chosen sufficiently small so that every solution of (2.2) with initial j data Woexists and remains in V for tE [ Let V = B(xo, 8) , and choose 8> 0 small enough so that V c U and VifJis 1-1 in V.
Choose p large enough so that xpoypE V. Define
tfrp(x) = ifJ(x)-(VifJ(xp),x).
Then tfrpEC1(V), and Vtfrix) = VifJ(x)-VifJ(xp)' Hence xp is the only critical point of tfrp in V, and, since xpES, Xp is a local minimizer. Let A p be the region of attraction of xp with respect to the equation
Since tfrp is non-increasing for solutions of (2.4), and since (2'3) implies that Let #-+00, and let z be a limit point of z}l"Then 6~Iz-Xol~8 and
IVqS(z) -VqS(xo)12 o. Hence VqS(z)= VqS(xo), and so z = Xo. This is a contradiction. 1
Proof of Theorem 1 (Conclusion).
Since S is open and closed in U, since U is convex, and since S is nonempty by hypothesis (ii) and Lemma 3, it follows that S = U. Hence by Lemma 2, qSis strictly convex. 1
Remarks. The idea of considering points lying on the boundary of the region of attraction of a stable critical point is taken from Olech (17)(see also Hartman & Olech (12),Hartman ( (11),pp. 548-554). A possible alternative to the use in the proof of the ordinary differential equations (2'4), which may in general have non-unique solutions, might be to use the pseudogradient flows of Palais (18) .Of course, o"nceqSis known to be convex uniqueness for (2.4) follows.
The following consequence of Theorem 1 will be used in Section 3.
COROLLARY 1. Let U c IRnbe open and convex, let qSECl( U), and suppose that VqSis
1-1 in U but that qSis not strictly convex.If E is any boundedopen set with JJj c U,and if xEE, then mip. qS(y)-qS(x)-(VqS(x),y-x)
yeE is negative and is attained on oE.
Proof. Let E be bounded and open, JJj c U, and x E E. By Theorem 1, qSis not strictly convex at x. The result now follows by the argument used in Lemma 3.1 It is not clear whether there is a natural generalization of Theorem 1 to convex functions that are not strictly convex. However, we now give a simple global result that does apply to such functions. holds when (Note th We repeat satisfies th, then W is : ellipticity. ship betwe
THEOREM2. Let U c IRnbe open and convex, and let qSEC1(U). Suppose that
We can]
jiating, we
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We now consider a basic construction due originally to Hadamard (10 In nonlinear elasticity this jump condition exactly expresses the fact that in equilibrium the traction is continuous across 1T.
We now suppose that E is rank 1 convex, Le. that 
W(tF+(l-t)G) < tW(F)+(l-t) W(G)
holds whenever F, GEE, F-G = a@b 9=0, and tE(O, 1).
(Note that this definition makes sense without any regularity assumptions on W. We repeat, however, that we always assume that WEOl(E).) If W is 02, and if W satisfies the strong ellipticity condition 1:)E E almost )le functions 1 (3.2) with there are no I denotes the -ation Q. The virtual work;
.'e equivalent zero.
o2W(F) .
oF~oF~ataJba bp > 0 for all nonzero a E IRm, b E IRn, then W is strictly rank 1 convex, but strict rank 1 convexity does not imply strong eIIipticity. (See (2), section 3, for information and references concerning the relationship between (non-strict) rank 1 convexity and the Legendre-Hadamard condition.) We can now state the main result of this section. Let W be strictly rank 1 convex. Since
it follows from the above remark and Lemma 1 that (ii) holds (for every GoE E, P,o).Let u be a weak solution of (3.2) of the form (3.4). Multiplying (3'5) by i\i we obtain
By Lemma 1, i\ <8> p, = 0 and hence F = G. Thus u is 01.
Conversely, suppose that (i) and (ii) hold. We claim that the function Choosing a convergent subsequence Arkand passing to the limit in (3.6) we find that
for some Xwith IXI = 6. Thus ,11-+W(G+A @,u) is not strictly convex, contradicting
{G-"u}-e--13Hence-B--is-open.
Since B is a non-empty, open and closed subset of the connected set K it follows that B = K. Hence W is strictly rank 1 convex.I
Remarks.
(1) That strong ellipticity of WE C2(E) implies (i) was shown by Knowles and Sternberg (15) (see also (5)).
(2) It follows in particular from Theorem 3 that if (ii) holds then strict rank 1 convexity of W is a necessary condition for all weak solutions of (3'2) to be Cl. In nonlinear elasticity it is usually assumed that there exists a natural state; i.e. that for some GoEE,
In this case (ii) holds trivially.
(3) Let S be a smooth (n-1)-dimensional surface with normal,u at the point XES. Suppose that, in a neighbourhood of x, u is continuous across S and CIon either side of S, and let F, G denote the limits at x of Vu from either side of S. Then the jump condition (3'5) still holds, and hence F = G if W is strictly rank 1 convex.
(4) An examination of the proof of Theorem 3 shows that condition (i) may be replaced by the weaker condition (i)' for every HE E there is a neighbourhood N of H in MmXn such that any weak solution of (3'2) of the form (3'4) with F, GEN is Cl. , convex}. .)EKwith 6.Then 4. Equilibrium configurations of an elastic cube. In this section we apply Theorem 1 to the problem of the equilibrium of an elastic cube subjected to given uniform normal surface tractions.
Consider an elastic body occupying in a reference configuration the unit cube Q = (0, l)a of IRa. We suppose that the stored-energy function W of the body is homo- and so the equilibrium equations (3.2) are trivially satisfied. To maintain equilibrium, equal and opposite normal forces of magnitude~(i = 1,2,3) must be applied to the two faces of the cube normal to the xi axis. These forces are given in terms of (3. Let E = {p = (PvP2,Pa) E~a:Pi > 0, i = 1,2, 3}, and suppose that <I> E Cl(E This means that (A*,V<I>(A*)) is a bifurcationpointfor (4.1). The same argument shows that there is a bifurcation point in any convex subset of E containing both a point where <I> is convex and a point where <I> is not strictly convex. In particular, if any neighbourhood of A* E E contains points of convexity and points where <I>is not strictly convex, then (A*, V<I> (A*)) is a bifurcation point.
We can apply our argument to study bifurcation from the solution A = (a, a, a) in which all the principal stretches are equal. Suppose, as is not unreasonable, that <I> in convex in a neighbourhood of A = (1,1,1) and that <I>,l(a, a, a) is a strictly increasing function of a. Let a* = inf {a > 1: <I> not strictly convex at (a, a, an.
Clearly a*~1. Our argument show that if a* < 00 then (A*,Vfj>(A*))is a bifurcation point for A*= (a*,a*,a*). Since V<I>(a,a,a) =1= V<I> (fJ,fJ,fJ) if a =1= fJ, it follows that there exist bifurcating solutions in which the principal stretches are not all equal. A similar argument applies in compression. Of course, more detailed information is special cases can be obtained using standard techniques of bifurcation theory, particularly under additional smoothness hypotheses on <1>; on the other hand using Theorem 1 does bring out rather clearly the role of strict convexity. In general, bifurcations into nonhomogeneous deformations will also occur. Finally, we remark that for the case of an incompressible neo-Hookean material, an interesting and detailed study of the set of homogeneous equilibrium solutions has been given by Rivlin (20, 21 
